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Abstract. Recently, a new scalar-tensor braneworld model was presented in [Phys. Rev.
D 86 (2012) 127502]. It not only solves the gauge hierarchy problem but also reproduces
a correct Friedmann-like equation on the brane. In this new model, there are two different
brane solutions, for which the mass spectra of gravity on the brane are the same. In this
paper, we investigate localization and mass spectra of various bulk matter fields (i.e., scalar,
vector, Kalb-Ramond, and fermion fields) on the brane. It is shown that the zero modes of all
the matter fields can be localized on the positive tension brane under some conditions, and
the mass spectra of each kind of bulk matter field for the two brane solutions are different,
which implies that the two brane solutions are not physically equivalent.
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1 Introduction
Localization of gravity and various bulk matter fields on a braneworld is always an interesting
and important issue for braneworld models. In the Randall-Sundrum (RS) braneworld model
[1, 2] and its generations (see Refs. [3–13] for examples), the extra dimension can be finite
or infinite and its geometry is warped. In order to recover the familiar four-dimensional
Newtonian potential, the zero mode of gravity should be localized on the brane. While
the massive Kaluza-klein (KK) modes of gravity will give modification to the Newtonian
potential. This modification is very different from the case of the Arkani-Hamed-Dimopoulos-
Dvali (ADD) braneworld model [14]. On the other hand, the matters are either assumed to
be confined on the brane and hence are four dimensional [1, 2], or are assumed to be bulk
fields propagating in the five-dimensional space-time. For the later case, one needs some
localization mechanisms to trap at least the zero modes of various matter fields on the brane
because the effective physics in low energy scale is four dimensional.
It is known that a free massless scalar field can be localized on the RS brane and its
generalized branes [15–17]. While a free vector field cannot be localized on the RS brane.
But it can be trapped on the generalized RS branes with codimension two or more [17], or
on the dS branes and the Weyl branes [18, 19], or on the brane generated by two scalar fields
[16]. Localization of the antisymmetric Kalb-Ramond (KR) tensor field is similar to that of
the vector field [16]. If the couplings with background fields are introduced, then localization
and mass spectra of the vector and KR fields will be more interesting and complicated, see
Refs. [20–27] for details. Localization of the spin 1/2 fermion on the brane is extremely
important. In many previous papers [17, 28–30], it has been proved that in order to localize
the massless fermion on the brane, one should introduce a localization mechanism such as
Yukawa coupling.
In the RS1 model [1], there are two branes that locate at the boundaries of a compact
extra dimension with topology S1/Z2. One is the negative tension brane (called Tev brane)
and another is the positive tension brane (called Planck brane). Matters and gravity are
localized on the Tev and Planck branes, respectively. Thus, our Universe is resided on the
– 1 –
Tev brane. The famous gauge hierarchy problem is solved in this model due to the warping
of the extra dimension. However, there exists a severe cosmological problem in RS1 model
because it will lead to a “wrong-signed” Friedmann-like equation on our Universe. This
problem can be avoided if our Universe is confined on the positive tension brane [31–33].
Recently, the authors in Ref. [34] investigated a simple generation of the RS1 model in the
scalar-tensor gravity by changing the profile of the massless graviton to move our world to
the positive tension brane. The scalar-tensor brane model can solve not only the cosmological
problem in the RS1 model but also the gauge hierarchy problem. In this model, there are two
similar but different brane solutions. The zero modes and mass spectra of gravity for both
brane solutions are the same. Therefore, the two solutions cannot be distinguished from the
mass spectra of gravity.
In this paper, in order to distinguish the two brane solutions of the scalar-tensor brane
proposed in Ref. [34] and show their rich structure, we would like to study localization and
mass spectra of various bulk matter fields (i.e., scalar, vector, KR, and fermion fields) on
the scalar-tensor brane for the two brane solutions. We will introduce the couplings between
the matters and the background scalar (i.e., the dilaton that generates the brane). It will be
shown that these couplings are necessary for most of the cases we consider. Especially, for
the case of fermion, the usual Yukawa coupling ηΨ¯F (φ)Ψ does not work anymore because
the background scalar has even parity instead of odd one, so we adopt the new scalar-fermion
coupling ηΨ¯ΓM∂MF (φ)γ
5Ψ introduced in Ref. [35].
This paper is organized as follows. In next section, we review the scalar-tensor brane
model proposed in [34], including the two solutions of the brane system and the mass spectrum
of gravity on the brane. In Sec. 3, localization and mass spectra of the scalar, vector, KR,
and fermion fields are investigated for the two solutions. Finally, we summarize our results
in Sec. 4.
2 Review of the scalar-tensor brane model
Let us consider a scalar-tensor brane generated by a real scalar field φ nonminimally coupled
to gravity. The action for such a system is given by [34]
S =
M3∗
2
∫
d5x
√−gekφ
[
R− (3 + 4k) (∂φ)2
]
, (2.1)
where R is the five-dimensional scalar curvature and M∗ is the fundamental scale of gravity.
The line-element for a five-dimensional space-time describing a Minkowski brane with an
S1/Z2 orbifold extra dimension is assumed as
ds2 = a2(z)
(
ηµνdx
µdxν + dz2
)
= e2A(z)
(
ηµνdx
µdxν + dz2
)
, (2.2)
where the conformal coordinate z ∈ [−zb, zb] is related to the physical extra dimension
coordinate y by a coordinate transformation dy = a(z)dz. According to the symmetric of the
space-time, the solution of the background scalar field φ depends on extra dimension only.
The field equations in the bulk derived from the action (2.1) under these assumptions reduce
to the following second-order differential equations:
2kφ′′ +
(
2k2 + 4k + 3
)
φ′2 + 4k(ln a)′φ′ + 6
a′′
a
= 0, (2.3)[
φ′ − 2(ln a)′] [(4k + 3)φ′ + 6(ln a)′] = 0, (2.4)
(4k + 3)
[
2φ′′ + kφ′2 + 6(ln a)′φ′
]− 4k [2a′′
a
+ (ln a)′2
]
= 0, (2.5)
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where the prime denotes the derivative with respect to the coordinate z. From Eq. (2.4),
one has
φ′ = 2(ln a)′, or (4k + 3)φ′ = −6(ln a)′. (2.6)
We do not consider the trivial case k = −3/4 for the second equation in (2.6) because the
corresponding solution for a(z) is just a constant. The following two independent brane
solutions were found in Ref. [34].
Solution I:
a (z) = (1 + β|z|) 12k+3 , (2.7a)
φ (z) =
2
2k + 3
ln (1 + β|z|) , (2.7b)
where the parameters satisfy β > 0 and k < −3/2.
Solution II:
a (z) = (1 + β|z|) 4k+33(2k+3) , (2.8a)
φ (z) = − 2
2k + 3
ln (1 + β|z|) . (2.8b)
where β > 0 and −3/2 < k < −3/4.
In the model, there are two thin branes: a positive tension brane located at the origin
z = 0 and a negative one at another orbifold fixed poiont z = zb, which is the same as the case
of the RS1 model. However, our world in this model is located at the positive tension brane
rather than on the negative one in order to solve the gauge hierarchy problem. As a result,
a correct Friedmann-like equation on the brane can be obtained (for detail see Ref. [34]).
Stability and the zero mode of the gravitational perturbation on the scalar-tensor brane
have been analyzed in Ref. [34]. Here we give a brief review of the mass spectrum of the
gravitational perturbation for the two solutions (solution I and solution II).
The analyzing of a full set of fluctuations of the metric around the background is very
complex. However, the problem can be simplified when one only considers the transverse
and traceless (TT) part of the metric fluctuation. So, we consider the following TT tensor
perturbation of the metric (2.2):
ds2 = a2(z)
[(
ηµν + h¯µν(x, z)
)
dxµdxν + dz2
]
, (2.9)
where the tensor perturbation h¯µν satisfies the TT condition [47]: h¯
µ
µ = ∂ν h¯µν = 0. The
equation for h¯µν is given by [34]
h¯′′µν + 3
a′
a
h¯′µν + kφ
′h¯′µν +
(4)h¯′µν = 0. (2.10)
By performing the following decomposition
h¯µν(x, z) = εµν(x)J
− 3
2 (z)h(z), (2.11)
where the function J(z) is defined as J(z) = a(z)ekφ/3, and its explicit expressions for solution
I and solution II are same:
J(z) = (1 + β|z|) 13 , (2.12)
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we get from Eq. (2.10) the Klein-Gordon equation (4)εµν(x) = m
2εµν(x) for the four-
dimensional gravity εµν(x), and a Schro¨dinger-like equation for the KK mode h(z):(−∂2z + Vg(z)) h(z) = m2h(z). (2.13)
Here m is the mass of the four-dimensional graviton (the gravitational KK excitation) and
the effective potential is given by
Vg(z) =
3
2
J ′′
J
+
3
4
J ′2
J2
. (2.14)
The explicit expressions of Vg(z) for both solutions are the same:
Vg(z) = − β
2
4(1 + β|z|)2 + βδ(z) −
β
1 + βzb
δ(z − zb), (2.15)
where the second delta function in the right hand side of the above equation comes from the
Z2 symmetry with respect to the brane located at z = zb. Then, the values of the effective
potential Vg(z) at z = 0 and z = zb are
Vg(0) = −β
2
4
+ βδ(0) > 0, (2.16)
Vg(zb) = − β
2
4(1 + βzb)2
− β
1 + βzb
δ(0) < 0, (2.17)
from which we can deduce that the gravity zero mode may be localized on the negative
tension brane located at z = zb.
By setting m = 0 in Eq. (2.13), one can easily get the normalized zero mode
h0(z) = C0J
3
2 = C0a
3
2 ekφ/2 =
√
1 + β|z|
2zb + βz
2
b
. (2.18)
It is clear that the zero mode is localized on the negative tension brane for the finite zb, but
cannot be normalized anymore when the extra dimension is infinity, which is very different
from the RS1 model.
By solving the Schro¨dinger-like equation (2.13), the spectrum of gravity is [34]:
mn(z) =
xn
zb +
1
β
, (2.19)
where xn satisfies J1(xn) = 0, and x1=3.83, x2=7.02, x3=10.17, · · · . Here, J1(x) is the Bessel
function of the first kind.
In order to solve the hierarchy problem, we need to set all the fundamental parameters
including the five-dimensional scale of gravity M∗, the parameter β, and the Higgs vacuum
expectation value v0, to be about the TeV scale and βzb ≈ 1016 [34]. So we have β ≈ 1012eV,
zb ≈ 104eV−1, and mn(z) = xn×10−4 eV. Note that the mass spectra for both the two brane
solutions are the same and the mass spacing of KK gravitons is much smaller than that of
the RS1 model with the TeV scale spacing. So we cannot distinguish the two brane solutions
from the gravitational mass spectrum. However, we will see in the following sections that the
mass spectra of various matter fields are different for the two brane solutions, and so they
are not physically equivalent.
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3 Localization and mass spectra of various matters on the scalar-tensor
brane
In this section, we would like to investigate localization and mass spectra of various bulk
matter fiedls on the scalar-tensor brane by deriving the effective potentials of the KK modes
of various bulk matter fiedls in the corresponding Schro¨dinger-like equations. The bulk
matter fiedls include the spin-0 scalar, spin-1 vector, KR, and spin-1/2 fermion fields. For
the spin-1/2 fermion field, we will introduce a new scalar-fermion coupling in order to localize
the fermion on the brane. Here, we implicitly assume that the various bulk matter fields
considered below are perturbations around the background space-time and they make little
backreaction to the bulk energy so that the brane solutions given in section 2 remain valid.
3.1 Spin-0 scalar field
We first consider the localization of the massless real scalar field on the scalar-tensor brane
reviewed in section 2. The five-dimensional action for a massless real scalar field coupled to
the dilaton field φ is given by
Ss = −1
2
∫
d5x
√−g eλφgMN∂MΦ∂NΦ, (3.1)
where λ is the coupling constant between the scalar and dilaton fields. By considering the
action (3.1) and the metric (2.2), the equation of motion for the scalar field is read as
∂P
(√−geλφ∂PΦ) = 0. (3.2)
We make the KK decomposition of the scalar field
Φ(xµ, z) =
∑
n
φn(x
µ)χ¯n(z) =
∑
n
φn(x
µ)χn(z)e
−HiA(z), (i = I, II) (3.3)
where HI =
2λ+3
2 and HII =
3(4k+3)−6λ
2(4k+3) for solutions I and II, respectively. Note that
the function e−HiA(z) in the above decomposition is to eliminate the first-order term in the
equation of motion of the redefined function χn(z) (see Ref. [18] for the detail calculation).
Then, the equation of motion for the extra-dimensional part χn(z) of the scalar KK mode is
recast into the following Schro¨dinger-like equation[−∂2z + V is (z)]χn(z) = m2nχn(z), (3.4)
where mn is the mass of the scalar KK mode φn(x
µ) and the effective potential V is (z) is given
by
V is (z) = Hi∂
2
zA(z) + [Hi∂zA(z)]
2. (i = I, II) (3.5)
By introducing the orthonormality condition∫ +zb
−zb
χm(z)χn(z)dz = δmn, (3.6)
we get the four-dimensional effective action of a massless and a series of massive scalar fields
from the five-dimensional one:
Ss = −1
2
∑
n
∫
d4x(ηµν∂µφn∂νφn +m
2
nφ
2
n). (3.7)
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Substituting the explicit forms of Hi and A(z) into Eq. (3.5), we get the explicit
expression of the effective potential V is (z):
V is (z) =
(2λ+ 3)[2λ − (4k + 3)]β2
4(2k + 3)2(1 + β|z|)2 +
ciβ
2k + 3
[
δ(z) − 1
1 + βzb
δ(z − zb)
]
, (3.8)
where cI = 2λ+ 3 and cII = −2λ+ 4k + 3. The values of V is (z) at z = 0 and |z| = zb read
V is (0) =
(2λ + 3)[2λ − (4k + 3)]β2
4(2k + 3)2
+
ciβ
2k + 3
δ(0), (3.9)
V is (zb) =
(2λ + 3)[2λ − (4k + 3)]β2
4(2k + 3)2(1 + βzb)2
− ciβ
(2k + 3)(1 + βzb)
δ(0). (3.10)
In order to localize the scalar zero mode on the positive tension brane located at z = 0,
the effective potential V is (z) should be negative at z = 0. The condition is turned out to be
λ >
{−3/2 for solution I,
(4k + 3)/2 for solution II.
(3.11)
By setting m = 0 in Eq. (3.4) and noting that the boundaries of the extra dimension
are at z = 0 and z = zb, we get the normalized zero mode of the scalar field:
χ0(z) =


√
β(λ+k+3)
(2k+3)
[
(1+βzb)
2(λ+k+3)
2k+3 −1
] (1 + β|z|) 2λ+32(2k+3) , for solution I (λ 6= −k − 3),
√
β(−λ+3k+3)
(2k+3)
[
(1+βzb)
2(−λ+3k+3)
2k+3 −1
](1 + β|z|)−2λ+4k+32(2k+3) , for solution II (λ 6= 3k + 3).(3.12)
It can be checked that under the condition (3.11), the scalar zero mode has a maximum at
z = 0, and so the scalar zero mode can be localized on the positive tension brane. We note
here that, when there is no coupling between the scalar and dilaton fields (λ = 0), the scalar
zero mode is also localized on the positive tension brane. Besides, if the extra dimension is
infinite, the normalization condition
∫ +∞
−∞ χ
2
0(z)dz = 1 should be satisfied, which shows that
the localization condition for the scalar zero mode is much stronger: λ > −k− 3 for solution
I and λ > 3k + 3 for solution II.
When the coupling constant λ = −k − 3 for solution I and λ = 3k + 3 for solution II,
the normalized scalar zero mode χ0(z) is
χ0(z) =
√
β
2 ln(1 + βzb)
1√
1 + β|z| . (3.13)
For this special coupling, the zero mode can also be localized on the positive tension brane
when zb is finite. But it cannot anymore when the extra dimension is infinite.
In order to get the massive spectrum of the scalar KK modes, we assume that the extra
dimension is finite. The Z2 symmetry requires that the KK modes satisfy ∂z(e
−HiA(z)χn) = 0
at the boundary z = 0, with which the general solution of Eq. (3.4) is turned out to be
χn(z) = N(1 + β|z|)
1
2
[
JPs(z¯) + α
i
sYPs(z¯)
]
, (3.14)
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where N is the normalization coefficient, JPs(z) and YPs(z) are respectively the Bessel func-
tions of first and second kinds, and
z¯ ≡ mn(|z|+ 1
β
), Ps ≡
√
1−Qs
2
, Qs ≡ (2λ + 3)(−2λ + 4k + 3)
(2k + 3)2
, (3.15)
αIs ≡ −
JPs−1(
mn
β )
YPs−1(
mn
β )
. (3.16)
αIIs ≡ −
[
(2k + 3)mn + 2β(λ− k)
]
JPs−1(
mn
β )− (2k + 3)mnJPs+1(mnβ )[
(2k + 3)mn + 2β(λ− k)
]
YPs−1(
mn
β )− (2k + 3)mnYPs+1(mnβ )
. (3.17)
The Z2 symmetry also requires that the KK modes satisfy ∂z(e
−HiA(z)χn(z)) = 0 at
another boundary z = zb. When we consider the light modes in the long range case, i.e.,
mn/β ≪ 1 and 1+βzb ≫ 1, the spectrum of the scalar KK modes can be determined by the
following equation
JPs(z¯b) + α
I
sYPs(z¯b)
JPs+1(z¯b) + α
I
sYPs+1(z¯b)
=
(2k + 3)z¯b
k + 3 + (Ps − 1)(2k + 3)− λ for solution I, (3.18)
JPs(z¯b) + α
II
s YPs(z¯b)
JPs+1(z¯b) + α
II
s YPs+1(z¯b)
=
(2k + 3)z¯b
k + 3 + (Ps − 1)(2k + 3) + λ for solution II, (3.19)
where z¯b ≡ mn(zb + 1/β).
We can obtain the mass spectrum of the scalar field by numerical calculation. For
example, for solution I, when the parameters are set to β = 1012ev, zb = 10
4ev−1, λ = 1, k =
−2, the mass spectrum ism1 = 0.51×10−3ev, m2 = 0.84×10−3ev, m3 = 1.16×10−3ev, m4 =
1.48 × 10−3ev, · · · . The explicit spectrum of the scalar field is shown in figs. 1 and 2 for
different λ and k. For solution I, the mass gap between the massless mode and the first
massive KK mode increases with the coupling constant λ and the non-minimal coupling
parameter k. Besides, the mass spectrum is relatively sparse at the lower excited states but
approaches equidistant for the higher excited states. For solution II, the mass gap between
the zero mode and the first massive KK mode is increased with the coupling constant λ but
decreased with the parameter k, which is different from that in solution I.
A natural question is that are there particular values of parameters in which both
solutions I and II lead to the same mass spectra? The answer is yes. It is not difficult to see
that, when λ = k, the effective potentials for both solutions are the same:
V Is (z) = V
II
s (z) = −
β2
4(1 + β|z|)2 + β
[
δ(z) − δ(z − zb)
1 + βzb
]
, (3.20)
and the boundary conditions
∂z(e
−HiA(z)χn)|z=0,zb = ∂z(1 + β|z|)
1
2 |z=0,zb = 0 (3.21)
are also the same. However, the scalar zero mode for this special case is localized on the
negative tension brane but not the positive one for both solutions, because letting λ = k will
contradict with the localization condition (3.11) on the positive tension brane.
– 7 –
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Figure 1. The mass spectrum of the scalar KK modes for solution I. The parameters are set to
β = 1012ev and zb = 10
4ev−1.
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Figure 2. The mass spectrum of the scalar KK modes for solution II. The parameters are set to
β = 1012ev and zb = 10
4ev−1.
3.2 Spin-1 vector field
Now we turn to the spin-1 vector field. Let’s begin with the five-dimensional action of a
vector field coupled to a dilaton field φ:
Sv = −1
4
∫
d5x
√−geτφgMNgRSFMRFNS , (3.22)
where FMN = ∂MAN − ∂NAM is the field strength tensor and τ is the coupling constant
between the vector and dilaton fields. Considering the explicit form of the metric (2.2), the
equations of motion for the vector field are read as
eτφ∂ν
(
ηνρηµλFρλ
)
+ ηµλa−1(z)∂4
(
a(z)eτφF4λ
)
= 0,
eτφ∂µ (η
µνFν4) = 0. (3.23)
– 8 –
By using gauge freedom and the Z2 symmetry of extra dimension, we can set the fourth
component A4 = 0. Next, we investigate localization of the zero mode and KK mass spectrum
of the vector filed on the scalar-tensor brane for the two brane solutions.
By performing the following KK decomposition for the vector field
Aλ(xµ, z) =
∑
n
aλn(x
µ)ρn(z)e
−UiA(z), (i = I, II) (3.24)
where UI =
2τ+1
2 for solution I and UII =
−6τ+4k+3
2(4k+3) for solution II. One can show that the
extra dimension part ρn(z) of the vector KK mode satisfies the following Schro¨dinger-like
equation [−∂2z + V iv (z)] ρn(z) = m2nρn(z), (3.25)
where the effective potential V iv (z) is given by
V iv (z) = (Ui∂zA)
2 + Ui∂
2
zA. (3.26)
With the orthonormality condition∫ +zb
−zb
ρm(z)ρn(z)dz = δmn, (3.27)
we can get the four-dimensional effective action for a series of vector fields:
Sv =
∑
n
∫
d4x
(
−1
4
ηµαηνβf (n)µν f
(n)
αβ −
1
2
m2nη
µνa(n)µ a
(n)
ν
)
, (3.28)
where f
(n)
µν = ∂µa
(n)
ν − ∂νa(n)µ is the four-dimensional vector field strength tensor.
The explicit expression of the effective potential V iv (z) read
V Iv (z) =
(2τ + 1) (2τ − 4k − 5) β2
4 (2k + 3)2 (1 + β|z|)2 +
(2τ + 1)β
2k + 3
[
δ(z) − δ(z − zb)
1 + βzb
]
. (3.29)
V IIv (z) =
(6τ + 8k + 15)(6τ − 4k − 3)β2
36(2k + 3)2(1 + β|z|)2 +
β(−6τ + 4k + 3)
3(2k + 3)
[
δ(z) − δ(z − zb)
1 + βzb
]
. (3.30)
The values of V iv (z) at z = 0 are
V Iv (0) =
(2τ + 1) (2τ − 4k − 5) β2
4 (2k + 3)2
+
(2τ + 1)β
2k + 3
δ(0), (3.31)
V IIv (0) =
(6τ + 8k + 15)(6τ − 4k − 3)β2
36(2k + 3)2
+
β(−6τ + 4k + 3)
3(2k + 3)
δ(0). (3.32)
In order to localize the vector zero mode on the positive tension brane, the effective potential
V iv (z) should be negative or have a well-like shape near z = 0. The condition is turned out
to be
τ >
{−1/2 for solution I,
(4k + 3)/6 for solution II.
(3.33)
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By setting m = 0 in Eq. (3.25), we get the normalized vector zero mode:
ρ0(z) =


√
β(τ+k+2)
(2k+3)
[
(1+βzb)
2(τ+k+2)
2k+3 −1
] (1 + β|z|) 2τ+12(2k+3) , for solution I (τ 6= −k − 2),
√
β(−3τ+5k+6)
3(2k+3)
[
(1+βzb)
2(−3τ+5k+6)
3(2k+3) −1
] (1 + β|z|)−6τ+4k+36(2k+3) , for solution II (τ 6= 5k+63 ).(3.34)
It can be seen that, when the extra dimension is finite, the vector zero mode can be localized
on the positive tension brane providing that the coupling constant between the vector and
dilaton fields satisfies the condition (3.33). Clearly, the vector zero mode still can be localized
on the brane even if there is no coupling between the vector and dilaton fields. When the extra
dimension size is infinite, the localization condition becomes much stronger, i.e., τ > −k− 2
for solution I and τ > 5k+63 for solution II.
When τ = −k−2 for solution I and τ = 5k+63 for solution II, the normalized vector zero
mode ρ0(z) is
ρ0(z) =
√
β
2 ln(1 + βzb)
1√
1 + β|z| . (3.35)
It is localized on the positive tension brane only for the case of finite extra dimension.
Next, we will investigate the massive KK modes of the vector field by assuming that the
extra dimension is compact and finite. With the boundary condition ∂z(e
−UiA(z)ρn)|z=0 = 0,
we get the general solution of Eq. (3.25):
ρn(z) = N(1 + β|z|)
1
2
[
JP iv(z¯) + α
i
v YP iv(z¯)
]
, (3.36)
where
αiv ≡ −
JP iv−1(
mn
β )
YP iv−1(
mn
β )
, P iv ≡
√
1−Qiv
2
,
QIv ≡
(−2τ + 4k + 5)(2τ + 1)
(2k + 3)2
, QIIv ≡
(−6τ + 4k + 3)(6τ + 8k + 15)
9(2k + 3)2
. (3.37)
With another boundary condition at z = zb: ∂z(e
−UiA(z)ρn)|z=zb = 0, the spectrum of the
vector KK modes for light modes in long range case is determined by
JP Iv (z¯b) + α
I
vYP Iv (z¯b)
JP Iv+1(z¯b) + α
I
vYP Iv+1(z¯b)
=
(2k + 3)z¯b
3k + 4 + (P Iv − 1)(2k + 3)− τ
for solution I, (3.38)
JP IIv (z¯b) + α
II
v YP IIv (z¯b)
JP IIv +1(z¯b) + α
II
v YP IIv +1(z¯b)
=
3(2k + 3)z¯b
7k + 12 + (P IIv − 1)(6k + 9) + 3τ
for solution II. (3.39)
The mass spectrum for the vector field is plotted in figs. 3 and 4, which show that the mass
gap between the massless and first massive modes increases with the coupling constant τ
and the parameter k for solution I, but increases with the coupling constant τ and decreases
with the parameter k for solution II. Besides, the spectrum interval approaches a constant
for higher excited states.
– 10 –
Similar to the scalar field, when τ takes a particular value i.e., τ = k/3, we have
V Iv (z) = V
II
v (z) = −
5β2
36(1 + β|z|)2 +
β
3
[
δ(z) − δ(z − zb)
1 + βzb
]
. (3.40)
So the mass spectra of the vector KKmodes for both solutions I and II are the same. However,
the vector zero mode for this special case cannot be localized on the positive tension brane
any more because the condition (3.33) is not satisfied. It is not difficult to check that the
vector zero mode is localized on the negative tension brane.
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Figure 3. The mass spectrum of the vector KK modes for solution I. The parameters are set to
β = 1012ev and zb = 10
4ev−1.
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Figure 4. The mass spectrum of the vector KK modes for solution II. The parameters are set to
β = 1012ev and zb = 10
4ev−1.
3.3 Kalb-Ramond field
The action describing a five-dimensional KR field coupled with a dilaton field is given by
Skr = −
∫
d5x
√−geζφHMNLHMNL, (3.41)
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where HMNL = ∂MBNL− ∂LBNM is the field strength of the KR field and ζ is the coupling
constant between the KR and dilaton fields. The equations of motion are read as
eζφ∂µ
(√−gHµαβ)+ ∂4 (√−geζφH4αβ) = 0, (3.42)
eζφ∂µ
(√−gHµ4β) = 0. (3.43)
We choose the fourth component Bα4 = 0 by using gauge freedom. Next, just like the vector
field, we will discuss localization and mass spectrum of the KR KK modes for the two brane
solutions considered in this paper.
With the KK decomposition of the KR field
Bαβ(xµ, z) =
∑
n
bˆαβn (x
µ)Ωn(z)e
−RiA(z), (i = I, II) (3.44)
where RI =
2ζ+7
2 for solution I and RII =
−6ζ+7(4k+3)
2(4k+3) for solution II. Providing the orthonor-
mality condition for the KK modes Ωm and Ωn:∫ +zb
−zb
dz Ωm(z)Ωn(z) = δmn, (3.45)
we get the following Schro¨dinger-like equation for the KR KK modes:[−∂2z + V ikr(z)]Ωn(z) = m2nΩn(z). (3.46)
Here the effective potential V ikr(z) is
V ikr(z) = [(Ri − 4)∂zA]2 + (Ri − 4)∂2zA. (3.47)
Then the action of the KR field is reduced to
Skr = −
∑
n
∫
d4x
(
ησ
′σηα
′αηβ
′βhˆ
(n)
σ′α′β′ hˆ
(n)
σαβ +
1
3
m2nη
α′αηβ
′β bˆ
(n)
α′β′ bˆ
(n)
αβ
)
, (3.48)
where hˆ
(n)
σαβ = ∂σ bˆαβ − ∂β bˆασ is the field strength of the four-dimensional KR field.
The explicit expression of the effective potential V ikr(z) for the KR KK modes is
V Ikr(z) =
(2ζ − 1) (2ζ − 4k − 7) β2
4 (2k + 3)2 (1 + β|z|)2 +
(2ζ − 1)β
2k + 3
[
δ(z) − δ(z − zb)
1 + βzb
]
, (3.49)
V IIkr (z) =
(6ζ + 16k + 21)(6ζ + 4k + 3)β2
36(2k + 3)2(1 + β|z|)2 −
(6ζ + 4k + 3)β
3(2k + 3)
[
δ(z) − δ(z − zb)
1 + βzb
]
. (3.50)
The values of V ikr(z) at z = 0 are
V Ikr(0) =
(2ζ − 1) (2ζ − 4k − 7) β2
4 (2k + 3)2
+
(2ζ − 1)β
2k + 3
δ(0), (3.51)
V IIkr (0) =
(6ζ + 16k + 21)(6ζ + 4k + 3)β2
36(2k + 3)2
− (6ζ + 4k + 3)β
3(2k + 3)
δ(0). (3.52)
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In order to get negative potential around z = 0, the coupling constant should satisfy the
following constrain:
ζ >
{
1/2 for solution I,
−(4k + 3)/6 for solution II. (3.53)
By setting m = 0 in Eq. (3.46), we get the KR zero mode
Ω0(z) =


√
β(ζ+k+1)
(2k+3)
(
(1+βzb)
2(ζ+k+1)
2k+3 −1
) (1 + β|z|) 2ζ−12(2k+3) for solution I (ζ 6= −k − 1),
√
β(−3ζ+k+3)
3(2k+3)
(
(1+βzb)
2(−3ζ+k+3)
3(2k+3) −1
) (1 + β|z|)− 6ζ+4k+36(2k+3) for solution II (ζ 6= k+33 ). (3.54)
It can be seen that, when the extra dimension is finite, the KR zero mode can be localized on
the positive tension brane providing that the coupling constant between the KR and dilaton
fields satisfies the condition (3.53). Note that, different from the case of the vector field,
the KR zero mode cannot be localized on the positive tension brane anymore if there is no
coupling between the KR and dilaton fields (ζ = 0) for both two solutions. When the size of
extra dimension is infinite, the KR zero mode can be localized on the positive tension brane
providingl ζ > −k − 1 for solution I and ζ > k+33 for solution II.
When ζ = −k − 1 for solution I and ζ = k+33 for solution II, the zero mode Ω0(z) is
Ω0(z) =
√
β
2 ln(1 + βzb)
1√
(1 + β|z|) . (3.55)
It is clear that the KR zero mode for this case is also localized on the positive tension brane.
The Z2 symmetry implies that the KR KK modes should satisfy ∂z(e
−RiA(z)Ωn) = 0 at
z = 0, with which we get the general solution of Eq. (3.46):
Ωn(z) = N(1 + β|z|)
1
2
[
JP ikr
(z¯) + αikr YP ikr
(z¯)
]
, (3.56)
where
P ikr ≡
√
1−Qikr
2
, (3.57)
QIkr ≡
(−2ζ + 4k + 7)(2ζ − 1)
(2k + 3)2
, QIIkr ≡ −
(6ζ + 4k + 3)(6ζ + 16k + 21)
9(2k + 3)2
, (3.58)
αIkr ≡ −
β
[
1 + 3k + (P Ikr − 1)(2k + 3)− ζ
]
JP Ikr
(mnβ )− (2k + 3)mnJP Ikr+1(
mn
β )
β
[
1 + 3k + (P Ikr − 1)(2k + 3)− ζ
]
YP Ikr
(mnβ )− (2k + 3)mnYP Ikr+1(
mn
β )
, (3.59)
αIIkr ≡ −
β
[
3− 5k + (P IIkr − 1)(6k + 9)− 3ζ
]
JP IIkr
(mnβ )− 3(2k + 3)mnJP IIkr +1(
mn
β )
β
[
3− 5k + (P IIkr − 1)(6k + 9)− 3ζ
]
YP IIkr
(mnβ )− 3(2k + 3)mnYP IIkr +1(
mn
β )
.(3.60)
With another boundary condition ∂z(e
−RiA(z)Ωn) = 0 at z = zb, we can obtain the mass
spectrum from the following equations when we consider the light modes in the long range
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case:
JP Ikr
(z¯b) + α
I
krYP Ikr
(z¯b)
JP Ikr+1
(z¯b) + α
I
krYP Ikr+1
(z¯b)
=
(2k + 3)z¯b
1 + 3k + (P Ikr − 1)(2k + 3)− ζ
for solution I, (3.61)
JP IIkr
(z¯b) + α
II
krYP IIkr
(z¯b)
JP IIkr +1
(z¯b) + α
II
krYP IIkr +1
(z¯b)
=
3(2k + 3)z¯b
3− 5k + (P IIkr − 1)(6k + 9) + 3ζ
for solution II. (3.62)
The mass spectrum for different values of the parameters is plotted in figs. 5 and 6, from
which we can see that m1 increases with the coupling constant ζ and the parameter k for
solution I, whereas it increases with ζ but decreases with k for solution II. The mass gap
∆mn approaches a constant for large level n.
Particularly, when ζ = −k/3, the effective potentials
V Ikr(z) = V
II
kr (z) =
7β2
36(1 + β|z|)2 −
β
3
[
δ(z) − δ(z − zb)
1 + βzb
]
(3.63)
are the same. This is similar to the cases of scalar and vector fields. It can be shown that
the KR zero mode is localized on the positive tension brane for both solutions.
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Figure 5. The mass spectrum of the KR KK modes for solution I. The parameters are set to
β = 1012ev and zb = 10
4ev−1.
3.4 Spin-1/2 fermion field
Finally, we turn to investigate localization and mass spectrum of a spin-1/2 fermion field
on the scalar-tensor brane. In order to localize a fermion on the thick brane generated by
an odd scalar field φ(z), the Yukawa coupling should be introduced [18, 19, 28, 36–45]. But
when the scalar field φ(z) is even, the Yukawa coupling (i.e. ηψ¯F (φ)ψ) cannot preserve the
Z2 reflection symmetry of the fermion Lagrangian and hence cannot ensure localization of
the fermion on the brane. Recently, the authors of Ref. [35] analyzed this problem and
introduced a new localization mechanism to localize the fermion. Following this mechanism,
we would like to analyze localization and spectrum of a fermion on the scalar-tensor brane
by using the new scalar-fermion coupling form ηΨ¯ΓM∂MF (φ)γ
5Ψ.
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Figure 6. The mass spectrum of the KR KK modes for solution II. The parameters are set to
β = 1012ev and zb = 10
4ev−1.
The Dirac action describing a five-dimensional massless Dirac spinor coupled to the
background scalar field φ reads [35]
S 1
2
=
∫
d5x
√−g [Ψ¯ΓM (∂M + ωM )Ψ + ηΨ¯ΓM∂MF (φ)γ5Ψ] , (3.64)
where η is the coupling constant. With the metric (2.2), the explicit five-dimensional Dirac
equation reads [
γµ∂µ + γ
5 (∂z + 2∂zA (z))− η∂zF (φ)
]
Ψ = 0. (3.65)
In order to solve the above equation, we make the following general chiral decomposition for
the Dirac spinor
Ψ(x, z) =
∑
n
ψLn(x)fˆLn(z) +
∑
n
ψRn(x)fˆRn(z)
=
∑
n
ψLn(x)fLn(z)a
−2(z) +
∑
n
ψRn(x)fRn(z)a
−2(z), (3.66)
where fˆLn,Rn(z) = a
−2(z)fLn,Rn(z), and the left-handed and right-handed components of
a four-dimensional Dirac field satisfy γ5ψLn,Rn(x) = ∓ψLn,Rn(x). Then substituting the
decomposition (3.66) into the Dirac equation (3.65), we find that ψLn,Rn(x) satisfy the four-
dimensional massive Dirac equations γµ∂µψLn,Rn(x) = mnψRn,Ln(x), and the left- and right-
handed KK modes fLn,Rn(z) satisfy the following coupled equations[
∂z ∓ ηF ′(φ)
]
fLn,Rn(z) = ±mnfRn,Ln(z), (3.67)
from which, we get the Schro¨dinger-like equations for the fermion KK modes(− ∂2z + V iL(z))fLn = m2nfLn, (3.68)(− ∂2z + V iR(z))fRn = m2nfRn, (i = I, II) (3.69)
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with the effective potentials given by [35]
V iL(z) = η
2
(
∂zF (φ)
)2
+ η∂2zF (φ), (3.70a)
V iR(z) = VL(z)|η→−η . (3.70b)
In order to obtain the effective four-dimensional Dirac action for the massless chiral fermion
and massive fermions:
S1/2 =
∫
d5x
√−g Ψ¯ [ΓM (∂M + ωM ) + ηΓM∂MF (φ)γ5]Ψ
=
∑
n
∫
d4x
(
ψ¯Rnγ
µ∂µψRn − ψ¯RnmnψLn
)
+
∑
n
∫
d4x
(
ψ¯Lnγ
µ∂µψLn − ψ¯LnmnψRn
)
=
∑
n
∫
d4x ψ¯n(γ
µ∂µ −mn)ψn, (3.71)
we should introduce the following orthonormality conditions:∫ ∞
−∞
fLmfLndz = δmn =
∫ ∞
−∞
fRmfRndz,
∫ ∞
−∞
fLmfRndz = 0. (3.72)
It can be seen from Eq. (3.70) that, in order to trap the four-dimensional fermions on the
positive tension brane, some kind of scalar-fermion coupling should be introduced (η 6= 0),
and the effective potential V iL(z) or V
i
R(z) should have a minimum at the location of the
brane.
In Ref. [35], the authors took F (φ(z)) = φq(z) with q an integral and found the following
result: for q = 1, if η > −(3 + 2k)/4 for solution I and η > (3 + 2k)/4 for solution II, the
zero mode of the left-handed fermion can be localized on the positive tension brane; for odd
q > 1 and even q > 1, the zero modes of the left- and right-handed fermions are respectively
localized on the positive tension branes when η > 0. Here, considering that the scalar φ is a
dilaton, we take its exponential function as a new kind of coupling, i.e.,
F (φ(z)) = evφ, (3.73)
and investigate localization of the fermion field. We will find that the similar result is that
only one of the left and right-handed fermion zero mode can be localized on the positive
tension brane, while the difference is that we will obtain discrete mass spectrum for some
range of the parameters with the new coupling (3.73).
The explicit forms of the effective potentials (3.70) read as
V iL(z) =
2vηβ2
(2k + 3)2
(1 + β|z|)± 2v2k+3−2
[
2v ± (−2k − 3) + 2vη(1 + β|z|)± 2v2k+3
]
± 4vηβ
2k + 3
[
δ(z) − 1
1 + βzb
δ(z − zb)
]
, (3.74)
V iR(z) = V
i
L(z)|η→−η (i = I, II), (3.75)
where + for solution I and − for solution II in this section. When v = (2k+3)/2 for solution
I and v = −(2k + 3)/2 for solution II, the left- and right-handed potentials in the bulk are
the same constants:
V iL,R(z) = η
2β2. (3.76)
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The values of V iL(z) at z = 0 are
V iL(0) =
2vηβ2
(2k + 3)2
[
2v ± (−2k − 3) + 2vη] ± 4vηβ
2k + 3
δ(0). (3.77)
The shapes of the potentials are shown in fig. 7.
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Figure 7. The shapes of the effective potentials of the left- and the right-handed fermion kk modes
for solution I. The parameter k is set to k = −2.
The solutions of the left- and right-handed fermion zero modes are
f iL0(z) ∝ exp (+ηF (φ)) = e+η(1+β|z|)
±
2v
2k+3
, (3.78)
f iR0(z) ∝ exp (−ηF (φ)) = e−η(1+β|z|)
±
2v
2k+3
. (3.79)
It is clear that the left- and right-handed fermion zero modes cannot be localized on the
positive tension brane at the same time. The left-handed fermion zero mode can be localized
on the positive tension brane if ηv > 0 and the extra dimension is finite. In order to check
whether the left-handed zero mode f iL0(z) can be localized when the extra dimension is
infinite, we need to consider the following normalization conditions:∫ ∞
−∞
dz f iL0
2
(z) ∝
∫ ∞
−∞
e2η(1+β|z|)
±
2v
2k+3
dz <∞. (3.80)
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The condition is turned out to be
η < 0, v < 0. (3.81)
If the extra dimension is finite, then the right-handed fermion zero mode is localized on the
negative tension brane under the condition ηv > 0.
Next, we consider the massive fermion KK modes for the case of finite extra dimen-
sion. For simplicity, we only consider a free fermion, which means that the coupling con-
stant is set to zero (η = 0). The boundary conditions are decided by the Z2 symmetry:
∂z(a
−2(z)fL,R(z))|z=0,zb = 0. The general solutions of the massive fermion KK modes are
f ILn,Rn(z) = N
(
cos(mnz) +
2β
(2k + 3)mn
sin(mnz)
)
, (3.82)
f IILn,Rn(z) = N
(
cos(mnz) +
2(4k + 3)β
3(2k + 3)mn
sin(mnz)
)
. (3.83)
With the boundary condition at z = zb, the exact spectrum is determined by the following
equation:
tan(mnzb) =
2(2k + 3)mnzb
4 + (2k + 3)2(1 + βzb)
m2n
β2
for solution I, (3.84)
tan(mnzb) =
6(4k + 3)(2k + 3)mnzb
4(4k + 3)2 + 9(2k + 3)2(1 + βzb)
m2n
β2
for solution II. (3.85)
For those fermion KK modes satisfying mn ≪ 1eV, we have m
2
n
β2
≪ 10−24 and (1+βzb)m
2
n
β2
≪
10−8. If |k| < 104 for solution I and
∣∣∣2k+34k+3 ∣∣∣ < 23 × 104 (i.e., k < −3.000454.00030 ) for solution II, the
approximative mass spectrum can be determined by
tan(mnzb) =
(2k + 3)
2
mnzb for solution I,
tan(mnzb) =
3(2k + 3)
2(4k + 3)
mnzb for solution II. (3.86)
We have plotted the functions tan(mnzb),
(2k+3)
2 (mnzb), and
3(2k+3)
2(4k+3)(mnzb) in fig. 8, from
which one can see that when
−104 . k < −3 for solution I and
−1 . k < −3.000454.00030 for solution II,
(3.87)
the fermion mass spectrum for both solutions can be given by
mn =
(2n − 1)pi
2zb
=
(2n− 1)pi
2
× 10−4eV. (n = 1, 2, · · · ) (3.88)
The mass spectrum numerically calculated from Eqs. (3.84), (3.85) and the approxima-
tive one given in (3.88) are plotted in figs. 9 and 10. From figs. 9(a) and 10(a), we reach the
conclusion that the mass of the first massive fermion KK mode m1 increases and decreases
with the parameter k for solutions I and II, respectively. From figs. 9(b) and 10(b), we see
that the approximative analytical spectrum is consistent with the exact numerical one under
the condition (3.87).
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Figure 8. The functions tan(mnzb) (black lines),
(2k+3)
2 (mnzb) (dashed lines in the left subfigure)
and 3(2k+3)2(4k+3) (mnzb) (dashed lines in the right subfigure). The parameters are set to β = 10
12eV and
zb = 10
4eV−1.
4 Discussions and conclusions
The scalar-tensor braneworld model presented in Ref. [34] not only solves the gauge hier-
archy problem but also reproduces a correct Friedmann-like equation on the brane, and so
overcomes the cosmological problem in the Randall-Sundrum model. In this model, there
are two similar but different brane solutions. In each solution, there are two branes, one with
positive tension and another with negative tension. Our world is confined on the positive
tension brane. The tensor perturbation of the brane system is stable and the mass spectra
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Figure 9. The exact (solid) and approximative (dashing) spectra of the free fermion for solution I.
The parameters β and zb are set to β = 10
12ev and zb = 10
4ev−1.
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Figure 10. The exact (solid) and approximative (dashing) spectra of the free fermion for solution II.
The parameters β and zb are set to β = 10
12ev and zb = 10
4ev−1.
of the gravitational KK modes for both brane solutions are the same. Therefore, one cannot
distinguish the two solutions by the mass spectra of gravity.
In this paper, we investigated localization of the zero modes and mass spectra for various
bulk matter fields (i.e., scalar, vector, KR, and fermion fields) on the scalar-tensor brane.
For the scalar, vector, and KR fields, we considered their interaction with the background
scalar field (the dilaton φ) that generates the brane. For the fermion, following Ref. [35],
we introduced a new scalar-fermion coupling Ψ¯ΓM∂Me
vφγ5Ψ instead of the usual Yukawa
coupling for the reason of the even parity of the dilaton φ. We found that the mass spectra
of each bulk matter field for the two brane solutions are different, which implies that the two
brane solutions are not physically equivalent.
It was found that the zero modes of various bulk matter fields can be localized on
the positive tension brane for the two solutions under some conditions, which are collected
in Table 1. It can be seen that the localization conditions for the case of infinite extra
dimension are stronger than the case of finite extra dimension. When extra dimension is
– 20 –
Table 1. Localization conditions for the zero modes of various bulk matter fields. Here zb is the size
of the extra dimension.
Bulk matter Lagrangian zb Solution I Solution II
Scalar L0 = −12eλφ∂MΦ∂MΦ
finite λ > −32 λ > 4k+32
infinite λ > −k − 3 λ > 3k + 3
Vector L1 = −14eτφFMNFMN
finite τ > −12 τ > 4k+36
infinite τ > −k − 2 τ > 5k+63
KR Lkr = −eζφHMNLHMNL finite ζ >
1
2 ζ > −4k+36
infinite ζ > −k − 1 ζ > −k+33
Fermion L1/2 = Ψ¯ΓM
[
DM + η∂Me
vφγ5
]
Ψ
finite ηv > 0 ηv > 0
infinite η < 0, v < 0 η < 0, v < 0
finite, the scalar and vector zero modes can be localized on the positive tension brane even
if there is no interaction with the background scalar field, while the KR and fermion zero
modes cannot be localized if there is no interaction.
The bound massive KK modes and discrete mass spectra were also obtained for the
case of finite extra dimension. For the scalar, vector, and KR fields, we get the analytical
solutions of their KK modes by solving the corresponding Schro¨dinger-like equations, and the
numerical mass spectra by considering the boundary conditions. It was found that the mass
of the first massive KK modem1 increases with the coupling constant and the parameter k for
solution I, while it increases with the coupling constant but decreases with the parameter k
for solution II. The mass gap between two adjoining KK modes becomes smaller and smaller
with the increase of the level n and then trends to a constant.
For the fermion field, we did not find the analytic solution of the fermion KK modes
when there exists coupling because the effective potential is too complex. Therefore, we only
considered the free fermion and got the approximate analytical mass spectrum. It was found
that the numerical m1 slowly increases and decreases with the parameter k for solution I and
solution II, respectively. The mass spectrum approaches equidistant for the higher excited
states.
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